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3. RELATIVE INJECTIVITY

In this chapter we discuss relative injectivity and injectivity of N-groups. This chapter has 

four sections.

3.1 PRELIMINARIES:

This section deals with some basic definitions and results which are used in the later 

sections.

Definition 3.1.1: Let E be an N-group. Then the singular subset of E is defined as the set 

Z(E) = { x e E / lx = 0 for some essential N-subgroup I of N}.

An N-group E is called singular N-group if Z(E) = E.

An N-group E is called non-singular N-group if Z(E) = 0.

Definition 3.1.2: If E is an N-group, the set ZW(E) = { x e E / lx = 0 for some essential 

ideal I of N} is weak singular subset of E.

An N-group E is called weak singular if ZW(E) = E.

An N-group E is called weak non-singular if Zw(E) = 0.

Example 3.1.3: N = Zg is a near-ring with two operations *+’ as addition modulo 8 and V

defined by following table:
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Here I = {0,4} is an essential N-subgroup of N. Here V x e N, lx = 0. So Z(N) = N, so N 

is singular.

But I = {0, 4} is also an essential ideal of N. Hence ZW(N) = N and so N is also weak 

singular.

Example 2.1.13 is an example of non-singular as well as weak non-singular N-group.

Definition 3.1.4: An N-monomorphism f : A -» B is said to be an essential N- 

monomorphism if fA <e B.

Proposition 3.1.5: An N-group C is singular if there exists a short exact sequence

f g0 -» A —> B —> C -» 0 such that f is an essential N-monomorphism.
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f gProof: Let 0 -> A —> B —* C ->0 be a short exact sequence such that f is an essential N- 

monomorphism. For any b e B, we have a map k : N -> B defined by k(n) = nb. By 

proposition 1.3.5, k-,(fA) $.N,

=> the N-subgroup I={neN/nbe fA} is an essential N-subgroup of N.

Now lb < fA = Kerg.

Hence g(Ib) = 0 => I(gb) = 0 and so gb e Z(C).

Since g is an N-epimorphism, we get Z(C) = C => C is singular.

Corollary 3.1.6: If A is an essential ideal of B, then B/A is singular.

i gProof: We consider the short exact sequence 0-» A —» B —» B/A -> 0.

As A <e B, from above proposition B/A is singular.

Proposition 3.1.7: If B is Non-singular and B/A is singular then A < we B.

Proof: If B/A is singular and x is non-zero element of B, then lx = 0 for some essential N- 

subgroup I of N => lx < A. As B is non-singular, we have lx ^ 0 and thus Nx n A * 0.

Therefore A < we B.

Proposition 3.1.8: If N is a dgnr and {Ne} eeEts an independent family of normal N- 

subgroups of N-group E then E is a homomorphic image of ® eeENe.

Proof: Let fe: Ne -» E be defined by fe(ne) = ne.

Then fe is N-homomorphism.
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Let fe. : Ne, -» E be defined by fei(n,ei) = n^ and fej : Nej -» E be defined by fej(njej) = njej 

Let fe,+ fej : Nej © Nej -> E be defined by (fe,+ f^fae, + njej) = (fei(n,e,) + fej(nje,).

Obviously it is well-defined.

Let (n/ei + n/ej), (n/ej + n/ej)e Nei © Nej and (fCi+ fej)((n/ej + nj'q) + (n/ej + nj^ej))

= (fei+ fej)((n/ej + n/^i) + (nj'ej + nj/;ej)) [since Ne’s are normal N-subgroups ]

= (fei+ fe,)((n/ + n/)eD + ((n/+ n/)ej))

= (n/ + ni//)ei + (n/+ n/)ej 

= ((n/e; + n/e,) + (n/ej + n/ej))

= ((n/ej + n/ej) + (n/e, + nfc}))

= fCi( n/e.) + fej( n/ej) + fe,(n/ej) + fe.( nj^ej))

=&,+ fe/Cn/ei + nj'ej) +(fe,+ fej)(n/ei + n/ej)

Next for neN, (fe,+ fej)(n(n/ej + n/ej)) = (fe,+ fej)( E"=i Si (n/ej + n/e,)) [since N dgnr]

= (fe,+ fej)( sj(n/ei + n/ej)+ s2(ni/ei + n/ej)+... + sn(n/e, + n/e,))

= (f6i+ fej)(( sin/ + s2n/ +... + snn/) e, + (sm/ + s2n/ +... + snn/) ej)

= (fe,+ fejX( £?=i sO n/) e, +(£?=1 Si) n/) ej 

=( fCi+ fe.)((nn/)ei +(nn/)ej)

= (nn/)ej +(nn/)ej
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= (Ef=i Si) n/e, +(Ef= i Sj) i/ej

= ((sjn/ ej + S211/ ej +... + s„n/ e,) + (sin/7 ej + S2n,// ej + ... + snnf ej))

=( si(n/ei + n//ei)+ S2(n/ej + n//ej)+ ... + sn(n/ei + n^e,))

= (EiLiSi (n/ei + n/^O)

= n(fe,+ fej) (n/e; + n^e;)

Thus (fe,+ fe ) is an N-homomorphism.

Similarly if we define f = E eeE fe: © eeE Ne -» E by (£ C€e fe) (S eeE ne) = (ZegE fe(ne)), n 

€ N, it is an N-homomorphism.

Obviously it is an N-monomorphism.

Again for any ek e E we get ek e Nek e © esENe. So f is onto.

Hence E is a homomorphic image of © eeENe.

Theorem 3.1.9: For a short exact sequence 0-»A^-»B-^->C-»0 if A and C are finitely 

generated then B is also finitely generated.

Proof: As P : B -» C is an epimorphism, C = => C = .
r Kerp a(A)

For identity map a, C s -.

So if an N-group B has finitely generated N-subgroup A and factor N-group 7 then B is

also finitely generated.
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Definition 3.1.10: For an N-group E an element x is called a nilpotent element if xk = 0 for 

some kel+.

3.2 E-injectivity and injectivity:

In this section we define relative injective N-groups, and some special relative injective 

N-groups and investigate various characteristics of these N-groups.

In the third section of the chapter we study direct sums of'relative injective N-groups and 

N-subgroups, direct product of relative injective N-groups. Using the notion of dominance 

of an element of an N-group by another N-group direct sums of relative injective N-groups 

are established.

In the last section we are trying to relate direct sums of relative injective N-groups and 

chain conditions, relative injectivity of simple, semi-simple, strictly semi-simple, singular 

N-groups and chain conditions.

Throughout the remaining section of this chapter we consider all N-groups 

unitary N-groups unless otherwise specified.

Definition 3.2.1: Let E and U be N-groups. U is called E- injective or U is injective 

relative to E if for each N-monomorphism f: K -> E , every N -homomorphism from K 

into U can be extended to an N- homomorphism from E into U. i.e. The diagram

U
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commutes, i.e. g = hf.

An N-group A is injective if it is E-injectve for every N-group E of N. So if an N-group A 

is injective it is E-injectve for any N-group E.

Proposition 3.2.2: Let N be a dgnr, E be an N-group and F be a commutative N-group. 

Then the set HomN(E, F) = { f / f: E-» F is an N-homomorphism} is an abelian group 

where addition is defined as : for f, g e HomnCE, F), (f + g )(e) = f(e) + g(e).

Proof: As F is an abelian N-group, for fi g e HomN(E, F) and e e E,

(f+g)(e) = f(e) + g(e)

= g(e) + f(e)

= (g + f )(e), so f + g = g + f.

We are to show f + g is an N-homomorphism.

For ei, e2 € E, (f + g )(ei + e2) = f(ei + e2> + g(ei + e2) [ By given condition]

= f(ej) + f(e2) + g(ei) + gfo) [v fig are N-homomorphism]

= f(ei) + g(ej) + f(e2) + g(e2) [•■• F is abelian]

= (f + g)(ei) + (f + g)(e2) [ By given condition]

Next for e e E, n e N

(f + g )(ne) = f(ne) + g(ne) [ By given condition]

= nf(e)+ ng(e) [v fi g are N-homomorphisms]

= (HU Sj)f(e) + (EP=1 Sj)g(e) [v N is dgnr]
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= sif(e) + s2f(e) + ... + s„f(e) + sig(e) + s2g(e) +... + sng(e)

= S!f(e) + sig(e) + s2f(e) + s2g(e) + ... + s„f(e) + sng(e) [v Sif(e), Sjg(e) e F] 

= si (f(e) + g(e))+ s2 (f(e) + g(e))+ ... + sn (f(e) + g(e))

= si ((f + g)( e))+ s2( (f + g)( e))+ ... + sn ((f + g)( e))

= (si + s2+ ... + sn) ((f + g)( e))

= n((f + g)( e))

Thus f + g is an N-homomorphism.

Proposition 3.2.3: Let B, M be two N-groups and C an ideal of B. For N-homomorphism

f: B -» M 3 unique homomorphism f: | -» M such that f (b) = f(b), VCc Kerf.

Proof: Let h* =

=> bx - b2 = 0

=>b,-b2 + C = C 

=>bi-b2 e CcKerf 

=> f(bi - b2) = 0 

=> f(b,) - f( b2) = 0 

=>f(bT) = f(M 

So f is well-defined.

Next f ( bx + b2)

^fCbi + bz)

= f (bi + b2)
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= f(bi) + f(b2)

= f(bl)+ f(b^)

And f (n b)

= f (n(b + C))

= f(nb + C)

= f (nb)

= f(nb)

= nf(b)

= nf (b)

So f is an N-homomorphism and by definition obviously it is unique.

Thus we get if f is an epimorphism, then f defined as above is also an epimorphism.

Definition 3.2.4: Let U be an commutative N-group and f: L -» M be an N- 

homomorphism. We can define a mapping

f = HomN( f, U) : HomN(M, U) -> HomN(L, U)

by HomN( f, U): y -> yf i.e. f*y = yf then HomN( f, U) is an N-homomorphism.. 

Proposition 3.2.5: If U is a commutative N-group, then for every exact sequence

o->k4e Al->o

g* fthe sequence 0 -> HohinCL, U) —> HomN(E, U) —> HomN(K, U) is exact.

Proof: If y e HoniN(L, U) and g*(y) = 0
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=>Yg = 0 

<
=> y = 0 [ v g is N-epimorphism]

=> g* is N-monomorphism.

Next let ye HoniN(L,U). Then f g*(y) = f (yg) = (yg)f = y(gf) = yO = 0* = 0 = Oy 

So we get f g* = 0 => im g*c Ker f*.

Next let P e Ker f, then pf = f*P = 0 

=> P(imf) - 0 => P(Kerg) = 0 

=> Kerg c Kerp.

Now p : E -> U is an N-homomorphism such that Kerg c Kerp.

=> 3 a unique N-homomorphism p : -------> U such that P(b) = p(b).
K.erg

gAlso g: E -» L is an N-epimorphism, so 3 an N-isomorphism <j): -> L such that

m=g(b).

We consider the following sequence of N-homomorphisms 

L U, which gives P ({T1 e HomN(L, U).

Nowgcrr'j-crrt-P

=* P e img’. [sinceg\F4'''1 )(b) = ((F)S)(b) = F® = Pfl>)].

So img’ = Ker f*.
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Proposition 3.2.6: A commutative N-group U is E-injective if and only if Hoiiin( -, U) is 

exact.

Proof: We assume U is E-injective.

a p
We consider the exact sequence 0 -> A —> E —> C -» 0.

a p
Now exactness of 0 -» A —»E —> C -» 0 implies 

P‘ a*
0 -> HohinCC, U) —» HomN(E, U) —> HomN(A,U) is exact.

So it is enough to show a* is epic.

Let f € Hom.N(A, U). We consider the diagram

Since U is injective, Bye HomN(E, U) such that ya = f

=> a* is onto.

Conversely, let HomN( -, U) be exact. We consider the diagram with exact row 

U
A

f

0-> A--------------->E
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a P E
0 —> A —> E —>:------> 0 is exact.

ima

E P* a*
=s> 0 -» HomN( —, U) —* Hoihn( E, U) —* HomN( A, U) -» 0 is exact.

Since a* is an epimorphism, for f e HomnCA, U) such that a*y = f

=> ya = f.

Thus 3 y : E -» U such that ya = f => U is E- injective.

Definitions 3.2.7: An N-group E is a WI-N-group if N-group W is E-injective.

Definition 3.2.8: An N-group E is a WcI-N-group if a conunutative N-group W is E- 

injective.

Definition 3.2.9: An N-group E is called a s-simple or a strict simple N-group if it has no 

proper normal N-subgroups.

Proposition 1.3.12 holds for normal N-subgroups also. Thus we get the following 

proposition:

Proposition 3.2.10: The following are equivalent

(a) Every normal N-subgroup of E is a direct summand.

(b) E is a sum of simple normal N-subgroups.

(c) E is a direct sum of simple normal N-subgroups.

Definitions 3.2.11: We define s-Soc E or strict socle of E as, direct sum of simple normal 

N-subgroups.

An N-group E is called a strictly semisimple N-group if s-Soc(E) = E. In other words E is 

strictly semisimple if one of the conditions of proposition 3.2.10 holds.
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We observe that every semisimple N-group is strictly semisimple but the converse is not 

true. If N is a dgnr then every strictly semisimple N-group is semisimple.

The following is an example of strictly semisimple N-group which is not semisimple.

Example 3.2.12: We consider the near-ring N = { 0, a, b, c, x, y } under the addition and

multiplication defined as the following table

+ 0 a b c X y

0 0 a b c X y

a a 0 y X c b

b b X 0 y a c

c c y X 0 b a

X X b c a y 0

y y c a b 0 X

• 0 a b c X y

0 0 0 0 0 0 0

a 0 a b c 0 0

b 0 a b c 0 0

c 0 a b c 0 0

X 0 0 0 0 0 0

y 0 0 0 0 0 0
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Here { 0, a}, { 0, b }, { 0, c }, { 0, x, y } are simple left normal N-subgroups of N.

And N = { 0, a } + { 0, b } + { 0, c } + { 0, x, y }. So N is strictly semisimple.

But N is not semisimple.

Definitions 3.2.13: An N-group E is called SI N-group if every singular N-group is E- 

injective.

An N-group E is called SWI N-group if every weak singular N-group is E-injective.

An N-group E is called V N-group if every simple N-group is E-injective.

An N-group E is called Vc N-group if every simple commutative N-group is E-injective.

An N-group E is called GV N-group if every simple singular N-group is E-injective.

An N-group E is called S21 N-group if every strictly semi-simple N-group is E-injective.

An N-group E is called S31 N-group if every strictly semi-simple singular N-group is E- 

injective.

An N-group E is called S2SWI N-group if every strictly semi-simple weak singular N-group 

is E-injective.

Definition 3.2.14: A near-ring N is called V near-ring if nN is a V N-group and GV near

ring if nN is a GV N-group.

A near-ring N is called Vc near-ring if nN is a Vc N-group.

Proposition 3.2.15: N-subgroups of a WI N-group are again WI N-groups.
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Proof: Let E be a WI N-group.

=> W is E-injective.

And let E7 be any N-subgroup of E.

We show E7 is also a WI N-group.

That is we are to show W is also E7-injeetive.

Let h : E7 ->• E be an N-monomorphism and K7 be an N-subgroup of E7 and f: K7-» E7 be 

any N-monomorphism.

Then hf is also an N-monomorphism, hf: K7-» E.

E

Now W is E-injective, so for any N-subgroup K of E, the N-monomorphism i: K -» E 

and any N-homomorphism k: K -» W, 3 an N- homomorphism y : E —» W s.t. k = yi.

i.e. the following diagram

W commutes.

Since W is E-injective, so for N- monomorphism hf : K7 -» E and p : K7 -» W we get
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y : E -» W such that y(hf) = p. 

That is the diagram

K;---- -—> E/ E

Now f: K7 -> E7 is an N-monomorphism and for any N- homomorphism p : K7 -> W, 

we get yh : E7 W such that the diagram

K;----------- > E

\/yhW

commutes. That is p = (yh)f.

Therefore W is E7- injective.

Proposition 3.2.16: Homomorphic images of a Wcl N-groups are again WCI N-groups.

/ h k uProof: Given 0 -> E —> E —> E -» 0 is exact and commutative N-group W is E- 

injective.
*

We show W is E/;-injective.

Let E; < K < E and that Efl = E/E7. Now we consider the canonical diagram
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0

t

E-

t
K-

t
0

K/E

t
0

0

Now applying HomnC -, W) we get the diagram

0 0 0

I l I
0 -» HomN(E/E7, W) -> HomN(E, W) -> HomN(E7, W) -> 0

0 -> HomN(K/E7, W) -> HomN(K, W) -» HomN(E7, W)-> 0

i
0

Since HohinCE/E7, W) HomN(K/E7, W) is epic, for all y e HoniN(K/E7, W) 3 a e 

HoulnCE/E7, W) such that <j>(a) ~ y

=> af = y, where f: K/E7 -»• E/E7 is an N-monomorphism and <() = HomN( f, W). 

Thus W is E/E7-injective.

=> E77 is WJ N-group of E.
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3.3. On direct sum of N-groups with Injectivity and E-injectivity:

In this section we study direct sums of relative injective N-groups and N-subgroups, 

direct product of relative injective N-groups. Using the notion of dominance of an element 

of an N-group by another N-group direct sums of relative injective N-groups several 

properties are established.

Proposition 3.3.1: Let N be a dgnr. If E„ is a WI N-group for all as A then E = ©aeA Ea is 

a WI N-group, where E is commutative.

Proof: Let E = ©aeA Ea and Ea is WI N-group

=» W is Ea-injective for all aeA.

We consider an N-subgroup K of E and the N-homomorphism h : K -> W.

Let Q={f:L->W/K<L<Eand(f|K) = h}.

Let g : A -> W, h : B -» W e Q. g < h if A c B c E.

Then Q is ordered set by set inclusion. Q is clearly inductive.

Let h : M W be a maximal element in Q.

To get the proof it is sufficient to show that each Ea is contained in M.

Let Ka = EanM.

Then (h | K« ): Ka -> W, so since Ka < Ea and W is Ea- injective, there is an N- 

homomorphism

K : Ea-» W with <E£ | Ka) =(h | K«).

If ea e Ea and m e M such that ea+ m = 0, then ea = - m e K« and htt (ea) + h (m)
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= h (- m) + h (m) = 0.

Thus f: ea + m -» (ea) + h (m) is a well defined N-homomorphism f: Ea + M -» W.

But (f | M) = h, so by maximality of h, Ea c M.

Proposition 3.3.2: W is E- injective => W is Ne-injective for all eeE.

Proof: Since Ne is an N-subgroup of E. As W is E- injective, proposition 3.2.15 implies 

W is Ne-injective.

Proposition 3.3.3: Let N be a dgnr. If W is a commutative N-group and {Ne} eeE is an 

independent family of normal N-subgroups of N-group E, W is Ne-injective for all e e E, 

then W is E- injective

Proof: W is Ne-injective for all eeE.

So by proposition 3.3.1, W is © esENe -injective.

Since E is a homomorphic image of © eeENe by proposition 3.1.8 and since homomorphic 

image of a Wcl N-group is Wcl N-group by proposition 3.2.16.

So W is E-injective.

Proposition 3.3.4: If a finite direct sum of injective normal N-subgroups (ideals) of E, i.e.

Q - © Qa, where Qa is normal N-subgroup (or ideal) of E is injective, then each Qa is 

injective.

Proof: Let Q = © Q« be injective N- subgroup and consider the N-monomorphism

fa : M -> Qa, where M is some N- subgroup of E.
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v Q is direct sum, for any a = 1,2, 3,............, n there is the inclusion map i« : Qa -> Q

and the projection on na : Q -> Qa such that na ia = lQa .

Consider a diagram

0 --------------------- ►M -------- -------------►N7

fa
ia

Qa--------------------- ►Q

with top row exact.

Since Q is injective 3 an N- homomorphism h«: N7 -» Q, such that ha ® = iafa. 

Now define 'P : N7 -> Qa by 'Pa = naha.

Since na ia = 1qo, it follows that vPaO = nahad> = Ela ia fa = fa- 

So, the diagram
*

Thus Qa is injective.

Proposition 3.3.5: Let N be a dgnr. A finite direct sum of injective normal N-subgroups 

(ideals) of E, i.e. Q = © Qa, where Qais normal N-subgroup (or ideal) of E, is injective if 

each Qais injective.
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Proof: Let Q = © Qa with each Qa injective N- group.

Now consider a diagram 

O --------------------- ►M ------ -------------- ► N7

f
▼

Q,

where M, N7 are N subgroups of E with the top row exact.

For any a = 1,2, 3.............. . n, there is the canonical inclusion ia : Qa Q and the

projection Ila: Q -» Qa, so there are the N-homomorphisms naf: M -> Qa.

Since Qa is injective there exists a N-homomophism ha: N7 -> Qa such that ha® = Ila f.

Now define a map h: N7 -» Q by the formula

h(x) = S {ha (x)f 
a=l

= (hi(x) +.............+ hn(x)) V x e N7.

Then h is N-homomophism.

Since h(xi + x2) = (hi(xi + x2) +.............+ hn(xi + x2))

= (hj(xi ) + hi (x2) +.............+ h„(xi) + h„( x2»

= hi(xi) +.............+ hn(xi) + hi (x2) +..............+ hn( x2) [ since Q is normal N-subgroup]

= h(xj) + h( x2)

h(n7x) = (hi(n7x) +.............+ hn^x))

= hi(n;x) +.............+ hn(n7x)
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= VL hi(x) +.............+ i/hnCx)

= I?=1 Sj (hi(x)) +.............+ £f=i Sj (hn(x))

=si((hj(x)) +............+ h„(x))+..............+ sn((hi(x)) +............. + h„(x))
I

= Sih(x) +.............+ snh(x)

=( Ef=i Sj)h(x) =n/h(x).

We shall show the diagram

0 ---------------------- > M---------------------- » N7

commutes, i.e. f = h®.

Since Q is direct sum, for any x e N7

h<j>(x) = (hi<j)(x) + h2<(>(x) + .............+ hn <()(x))

= (n,f (x)+ n2f (x) +............+nnf(x))

= f(x) 

h <|> = f.

Thus Q is injective.

Corollary 3.3.6: Let N be a dgnr. A finite direct sum of injective normal N-subgroups 

(ideals) of E, i.e. Q = © Qa, where Qa is normal N-subgroup (or ideal) of the group E, is 

injective if and only if each Qa is injective .
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Theorem 3.3.7: A finite direct sum of injective N-groups, that is Q = © Qa, where Qa is 

N-groups is injective if and only if each Qais injective .

Proof: Let Q be injective, to show each Q«is injective. Proof is same as theorem 3.3.4.

Conversely, let each Qabe injective, to show Q is injective.

Now consider a diagram

where M, N7 areN groups with the top row exact.

For any a = 1,2, 3,............. , n, there is the canonical inclusion ia : Qa -» Q and the

projection na: Q -» Qa, so there are the N-homomorphisms naf: M -» Qa .

Since Qa is injective, there exists an N-homomophism ha: N7 -> Qa such that ha® = na f. 

Now define a map h: N7 -> Q by the formula

h(x) = (hi(x)................., hn(x)) V x e N7.

Then h is N-homomophism.

Since h(xj + x2) = (hi(xi + x2)................... h„(xi + x2))

= (hi(xi) + hi (x2),.............., h„(xi) + h„( x2))

= (hi(xi),.............. , hn(xi)) + (hi (x2).................. .. hn( x2))

= h(xi) +h( x2)

h(n7x) = (hi(n7x), , hn(n7x))
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= (n' hj(x),............., n'hnCx))

= n' (hi(x),............., hn(x))

= n;h(x).

We shall show the diagram

commutes, i.e. f=hO.

Since Q is direct sum, for any x e N;

h<j>(x) = (hi4»(x), h2<J>(x), ............. .. hn <Kx))

= (n,f(x), n2f(x),.............,n„f(x))

= f(x) 

h 4> = f.

Thus Q is injective.

Theorem 3.3.8: Let N be a near-ring and {Qi}iei a family of E-injective N-groups. Then 

the product Q = rijeiQi is E- injective.

Proof: Let A e E be an N-subgroup of E and f: A -»Q an N-homomorphism.

It is enough to show f can be extended to E.



92

For iel denote tcj : Q -> Qi the projection map.

Since Qi is E-injective for any iel, so the N-homomorphism 7i,.f: A —>Q, can be extended 

to f/: E -» Qi. Then we have f': E -> Q by f’(e) = (f/(e)) iei.

If a e A, then {(a) = f(a), so { is an extension of f.

Thus Q is E-injective.

Definition 3.3.9: For an N-group A an element xe A is said to be dominated by N-group E 

if AnnN(x) => AnnN(e) for some e e E.

Given a family {Aa}aej of N-groups. Let x be the element of nasJ Aa whose cx- 

component is xa.

We define Ix={neN/nxe ©a6j Aa}.

Then x e ITaej A« is called a special element if Ixxa = 0 for almost all a. In other words 3 

a finite subset F of J such that nx a= 0 for all n e Ix and for all a e F.

Theorem 3.3.10: If ©aej Aa is E -injective then each Aa is E -injective and every element 

of flaej Aa dominated by E is special.

Proof: Let A = ©aej Aa be E injective.

Consider the N-homomorphism fa: N;—» A«.

v A is direct sum, Ny some N-group of N for any a e J, there is the inclusion map 

icc '• A« -» A and the projection 7ta: A -> A« such that 7ia ia= 1 ^ •

Consider a diagram,
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a
, mono 6—►N/ -------- -

fa

A«

♦ E

>A

with top row exact.

Since A is E - injective, 3 a homomorphism ha: E -> A such that ha<f> = ia fa. 

Now define ¥ a: E -» A« by T'a = ftaha.

Since iraia = 1 Aa, it follows that TV® = 7tdha<t> = 7Taia fa = fa

So the diagram

O ->N •>E

A commutative.

Thus Aa is E -injective.

Let x e riaAa be dominated by E => there is an e e E such that AnnN(x) 3 ArniN(e).

Then it gives an N-homomorphism f: Ne -»IlAa defined by Xe —» Xx (X e N).

Let (Xie), (X2e) e Ne and 

f(Xie)*f(X2e)

=> (Xix) * (X2x)

=> (Xi - X2 )x 0
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=>(X[-X2) £ AnnN(x)

=> (A-i - X2)g AnnN(e) [since AnnN(x) 3 AnnN(e)]

=> (Xi - X2 )e =£ 0 

=> (A-i e) * (X2 e)

the mapping is well defined.

f(Xje + X2e) = f((Xi + X2 )e)

= (Xi + X2 )x 

= (X]X + X2x)

= f(Xie) + f(X2e)

Next for n € N, f(n(Xie)) = f((nXi )e)

= (nXi )x 

= n(Xix)

= n f(Xie)

Thus f is an N-homomorphism .

The image of the N-subgroup Ixe by f is clearly Ixx (c ® Aa).

Thus the restriction of f to Ixe is regarded as an N-homomorphism Ixe -» ® Aa.

Since ®A«is E-injective and so Ne-injective by proposition 3.3.2.

So, we get N-homomorphism Ne -» © Aa which means that there exists a u e © Aa such 

that Xx = Xu (for all X e Ix).

It follows that IxXa= IxUa for all a e J.

But since u«= 0 for almost all a, it follows that Ixxa= 0 for almost all a too
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=> x is special.

Theorem 3.3.11: If {Ne} eeEis an independent family of normal N-subgroups of N-group 

E in a dgnr near-ring N , ©aej Aa is commutative N-group then each Aa is E -injective and 

every element of naej Aa dominated by E is special implies ©aej Aa is E -injective .

Proof: let each Aa is E -injective and every element of IIaej Aa dominated by E is special.

Let ee E and consider the N- subgroup Ne of E.

Let J be an N-subgroup of N.

Then Je is an N-subgroup of Ne.

[Let se, te e Je, s, t e J, se + te = (s + t)e e Je and for n e N, n(se) = (ns)e e Je, since ns e 

J as J is N-subgroup of N]

Let there be given an N- homomorphism h : Je -> © Aa.

Then since © A« c EIAa and ELAa is E-injective (as each Aa is E-injective, by proposition 

3.3.8) whence Ne- injective (by proposition 3.3.2), h can be extended to an N- 

homomorphism Ne -> nAa.

Let x e ELAa and we define the N-homomorphism as Xe -» Xx (X e N)

Therefore it follows that Jx = h (Je) c © Aa, whence J c Ix.

On the otherhand since clearly AnnN(e) c ArniN(x), x is dominated by E and thus x is 

special by assumption

=> Ixxa =0 whence Jxa =0 for almost all a.
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Let u be the element of ©Aa, whose a-component is xa or 0 according as Jxa * 0 or Jxa= 0. 

Then it is clear that Xu = Xx for all X e J.

Further, it is also clear that ArniN(e) e ArniN(x) c J and therefore the mapping gives an N- 

homomorphism f: Ne -> ©Aa which is an extension of h, because f(Xe) = Xu = Xx VXe J.

This implies that © Aa is Ne-injective and so E-injective by proposition 3.3.3.

Corollary 3.3.12: Let N be a dgnr. If {Ne} eeE is an independent family of normal N- 

subgroups of N-group E, ©agj Aa is commutative N-group then ©aej Aa is E -injective if 

and only if each Aa is E-injective and every element of naej Aa dominated by E is special 

implies ©aej Aa is E-injective

Theorem 3.3.13: Suppose { Aa}aeJ is a family of E-injective N-groups such that for every 

countable subset k of J, ©aexAa is E - injective. Then ©aejAa is itself E - injective.

Proof: Assume that ©aejAa is not E - injective.

Then by theorem 3.3.10, there exists an x e IlaejAa which is dominated by E but is not 

special => IxXa * 0 for infinitely many ae J.

Let k be an infinite countable subset of the infinite set {a e J / IxXa * 0}.

Let y be element of Ilaek Aa. whose a- component y a is equal to xa for all a e K,

Then clearly Ix <z Iy, so that it follows that y is dominated by E and Iyya= IyXa 0 Vote K.

This implies again by theorem 3.3.10, that ©aeKAais not E -injective (because each Aa is 

E - injective by our assumption). This is a contradiction and so the proof is complete.
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3.4: E-injective and injective N-groups with chain conditions:

In this section we study E-injective N-groups with chain conditions. In particular, 

E-injective N-groups with descending chain condition are investigated. It is shown that the 

singular and semi-simple characters play a vital role in characterization of E-injective N- 

groups.

Theorem 3.4.1: Let N be dgnr. If {Ne}esE is an independent family of normal N-subgroups 

of N-group E, ©aej Aa is commutative N-group then direct sum of any family { Aa} of E - 

injective N- groups is E - injective if E is Noetherian.

Proof: let { A«} be a family of E-injective N- group.

Let x be an element of EIAa, dominated by e.

Then there is an e e E such that ArniN(e) c AnnN(x).

Consider Ixe.

Since clearly AnnN(x) c Ix, whence AnnN(e) c Ix, it follows that Ix/ ArniN(e) s Ixe.

On the other hand Ixe is a N-subgroup of Ne so N subgroup of Noetherian N-group E. 

Hence, Ix/ ArniN(e) is finitely generated

=> there exists a finite number of elements Xj, %2,.............., A.n of Ix such that

Ix = NA.i + N A.2+............. + NX.n + AnnN(e)

It follows therefore

Ixxa= NX,j xa+ N X2 Xa+..............+ NA.n Xa for all components xa.

Since however for each i, Xj xa = 0, for almost all a, it follows that Ixx{x= 0 for almost all a
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=> x is special.

Thus © A«is E- injective by theorem 3.3.11.

Proposition 3.4.2: If {Ne} eeEis an independent family of normal N-subgroups of N-group 

E in a dgnr near-ring N , direct sum of E-injective N-groups is commutative N-group then 

E is Noetherian V N-group(Vc N-group) implies every strictly semi- simple N-group is E- 

injective.

Proof: E is Noetherian V- N-group

=> E is Noetherian and every simple N-group is E- injective.

Again direct sum of E-injective N-groups is E- injective as E is Noetherian 

(by theorem 3.4.1).

Let K be any strictly semi simple N-group

=> K is direct sum of simple normal N-subgroups.

So K is E- injective.

Proposition 3.4.3: For a finitely generated N-group E every countably generated strictly 

semi- simple N-group is E- injective implies E is weakly Noetherian Vc N-group.

Proof: Suppose {Aa}a€j is a family of N-groups such that for every countable subset K of 

J, 0aeK Aa is E- injective. Then by theorem 3.3.13 ©aeJ A« itself E-injective.

Now given that every countably generated strictly semi simple N-group is E-injective.

To show E is weakly Noetherian and every simple commutative N-group is E-injective.

Let U be a countably generated strictly semi- simple N-group.
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Then U = ©Ua, where Ua is simple normal N-subgroups, so Ua’s can be taken as 

commutative N-groups and ae K, K is countable subset of J (as U countably generated).

Given U is E-injective. So we have ©Ua, a e J is also E-injective (By theorem 3.3.13).

So by theorem 3.3.10, we get every Ua is E-injective 

=> E is Vc N-group.

Next to show E is weakly Noetherian.

Given E is finitely generated and W countably generated semi-simple N-group & W is E- 

injective.

Let Ni q N2 CN3C..............be an ascending chain of distinct ideals of E.

LetfK:NK->-W (k= 1,2,3,..............00)

As W is E-injective, for inclusion map iK : Nk -> E , 3 a map yx : E -» W s.t. fK = Yk ix

Let N7 = Xk=i Nk

Define the map f: N7 -» W by

f(x) = Sk=i fk(x)

= Sk=i7kik(x) 

f is well defined.

v W is E-injective, 3 a map g : E -» W extending f.

But E is finitely generated & g (E) c W, w countably generated. So g can be defined as 

g(x) = EE=iYkik(x)

for some positive integer m, which gives chain of ideals must be finite.
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Corollary 3.4.4: For a finitely generated N-group E, every strictly semi- simple N-group is 

E- injective implies E is weakly Noetherian Vc N-group.

Proposition 3.4.5: For dgnrN, if E is a finitely generated S3I-N-group, then isa

weakly Noetherian Vc N-group.

Proof: From the above corollary 3.4.4, it is enough to show that every strictly semi-simple 

N-group is injective.

Let L be a strictly semi-simple N-group

So as N dgnr, L is a semi-simple N-group.

M EMan ideal of -——. f: -—— —» L is a non-zero N-homomorphism.Soc(E) Soc(E) Soc(E)

Let
K

Soc(E) = Kerf.

We claim K is essential ideal in M.

For if K fl I = 0 for some non-zero ideal I of M then I = — and since the latter is
K

isomorphic to an ideal of L, it follows that for some ideal L ^0 and contained in I that Ij c 

L, hence L £ Soc(E) £ K, a contradiction.

Now singuler, we may take L singular, since f(^/j^) £ Z(L).

MLet tj : M —> -——- denote the quotient map and consider the map f.q : M —> L.
Soc(E)

v L is E-injective f.ri extends to a map of E into L.

Ev Soc(E) £ K. This yields a map of — into L by proposition 3.2.3.
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Proposition 3.4.6: Let N be a dgnr If E is an N-group satisfying the following conditions

(i) {Ne} eeE is an independent family of normal N-subgroups of E,

(ii) direct sum of E-injective N-groups is a commutative N-group

(iii) No non-zero homomorphic image of Nx, Vx(^ 0) 6 Soc(E), is semi-simple,

singular

£(iv) is Noetherian V N-group,
oOC{ E )

then E is an S3I-N-group.

Proof: Let L be a strictly semi-simple singular N-group.

Let M be an N-subgroup of E. 

f: M -» L a non-zero map with kerf = K.

Then by given condition Soe(E) n M is contained in K.

[For x eSoe(E) n M => x eSoc(E), x eM => Nx c Soc(E), Nx cM => Nx eSoc(E) n M].

So by proposition 3.2.3,3 an N-homomorphism f": M
Soc(E)nM -» L.

0. M Soc(E)+M j Soc(E)+M TSince „ = „ ■ ■ so f : --- --------> L
Soc(E)nM Soc(E) Soc(E)

E •As —— is Noetherian V N-group and L semi-simple singular by proposition 3.4.2, L is
oOC^Ej

Soc(E)
-injective, that is f" is extended to g1: -» L.

If we define g : E -» L by g (e) = g;( e + Soc(E)). g is extension of f.
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Proposition 3.4.7: Let E be an N-group. Then E/ is weakly Noetherian for every 

essential ideal M of E if and only if E has A.C.C. on essential ideals.

Proof: Let M be an essential ideal of E .

Then E/M weakly Noetherian

We show E has A.C.C. on essential ideals.

Let Mi c M2 c M3 c............ -> (1) be a chain of ideals of E where Mj <e E.

Considering an essential N-subgroup McMj Vi, we can construct another chain

Mi/M c M2 /M c M3 /M c............ of E/M.

Since E/M is weakly Noetherian we get M, /M = M,+i/M for some i.

Now Mj c Mj+i. Our aim is to show M,+i c Mi.

Let .Xi+i € Mj+i butXj+i g M.

Then Xj+i + M e M,+i/M => x,+i + M e Mi /M => Xj+i e Mj (since Xj+i £ M).

So M, =M,+i.

=> E has A.C.C. on essential ideals.

Converse is clear.

Proposition 3.4.8: N-group E is almost weakly Noetherian if and only if ^/y[ is weakly 

Noetherian for every essential ideal M of E.

Proof: Let ^/socg be weakly Noetherian.

We know if N ideal of M, M weakly Noetherian <=> N & weakly Noetherian, by

proposition 4.1.7.
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M is essential ideal of E and SocE is the intersection of all essential ideals => Soc E£M.

=> ^/gocg is weakly Noetherian <=> ^/goc£ and wfocE = ^/y[ weakly Noetherian.
'SocE

Conversely, is weakly Noetherian for every essential ideal M of E.

E £We show is weakly Noetherian. It is enough to show that every essential ideal of g

is finitely generated by proposition 3.4.7.

M ELet —— be an essential ideal of ——.SocE SocE

Let k be an ideal of M maximal with respect to K n SocE = 0.

Then K ® SocE is essential in M and hence essential in E.

[K ® SocE ideal of M. let M7 ideal of M such that M7 n (K ® SocE) = O.Then M7 ©( K 

© SocE) is a direct sum => M7 © K © SocE is a direct sum. Whence (M7 © K) n SocE - 

0. By maximalilty of K, (M7 © K) = K, i.e M7 = 0.]

E MThen is weakly Noetherian. So is finitely generated.
K © SocE K © SocE

From the exactness of the sequence 0 -» K -» -» ——> 0, it suffices to show Kn SocE K © SocE ’

is finitely generated.

We claim that K is finite dimensional.

For, if not 3 an infinite direct sum of non-zero ideals ©16i K, which is essential in K.

Since Kj n Soc E = 0, each K* has a proper essential ideal Tj.

[since K, n SocE = Soc Kj = 0].
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Let T = ©ieI Tj.

Then T is an essential ideal of K.

Let K; be an ideal of K, T = ©jei Tj, where Tj are essential ideals of K,.

Now Kl = ©16l K/, K/ c Kj. Then Tj n K/ * 0 

=> ©iei Tj n K/* 0 

=>Tn ©jei K/*0.

=>TnK^ 0.

Again SocE is an essential ideal of SocE and T n SocE = 0.

So T © SocE <e K © SocE =>T © SocE is an essential ideal of E.

Hence 0 gQCg is weakly Noetherian,

0 rKAs ideal of a weakly Noetherian N-group is weakly Noetherian, - '€' ‘ is weakly
I © SocE

Noetherian

®ieITi 

T © SocE
is weakly Noetherian.

M'C#r and weakly Noetherian imply
T © SocE T © SocE T © SocE

T © SocE

ffiiejK, ^ K, .I ■ ....... ‘ S ©iel— IS
ffi,6lT, t,

.weakly Noetherian, a contradiction, since it is an infinite direct sum of non zero N-groups.

Thus K is finite dimensional.

Let (Kj)j!_j be a family of non-zero ideals of K such that ®"=j K, is essential in K.

=> ©f=1 Kj <eK, so 0?=1 Kj © SocE<eK© SocE <eE.
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=> ©f=i Ki ©SocE <e E.

=> er„K,»s«E is weakly Noetherian.

We define K
ffi"=1K,©SocE

by f( k + ©^i K,) = f (k + ©?=1 Kj © SocE)

Now f( k! + ©?=1 Ki) * f( k2 + ©f=1 KO

=> (ki + ©f=1 Kj © SocE) *(k2 + ©f=I Kj © SocE)

Next, let k e K
©f=]K,©SocE"

If k = ki + ©f=1Ki © Soc E, 3 k, + (©”_ | K,) e such that

f (ki + (©tjKj)) = k, + (®f=iKi © L).

So f is onto, that is f is isomorphism.

K KThus rrr- is isomorphic to the ideal —- of weakly noetherian N-group
©1=] K, ®i=l K,©Soc E

E K■■ ■■■- .So we have that n ■ is finitely generated, whence K is finitely generated.
®is21 Kj@Soc E ©j—j iV|

EThus ^ is weakly Noetherian.

Proposition 3.4.9: If N-group E is almost weakly Noetherian then E has A.C.C. on 

essential ideals.

EProof: Given —- is weakly Noetherian.

To show E has A.C.C. on essential ideals.
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Soc E is the intersection of all essential ideals of E.

EHence if is weakly Noetherian, E has A.C.C. on essential ideals.

Proposition 3.4.10: Let N be a dgnr. If N-group E has A.C.C. on essential ideals then E is 

almost weakly Noetherian.

Proof: We assume that E has A.C.C. on essential ideals.

Let A c B be ideals of M such that A is essential in B.

By Zorn’s lemma there is a maximal ideal L of E such that L (1 A= 0 .

And A © L is essential in E.

Since A + L = A © L, so that A © L is an ideal of E. Let C ideal of E with C D (A © L) 

=0. Then (A © L) ©) C is direct => (A © L) + C = (A © L © C) whence A fl (L© C) = 

0. By maximally of L we obtain L © C = L Thus C = 0. A © L essential ideal of E.

Hence E/ (A © L) satisfies ACC on its ideals.

We consider the map <|): B © L —»B/A by b +1 —» b + A. [N dgnr]

Now <|)(bi + li+ b2 +12)

= <J>( bi+ b2 + li +I2)

=(bj + b2)+A 

= bi + A + b2+ A 

=<|>(bi + h) + <|> (b2 +12)

Again, <|>n(b +1)

= <|>(ni + n2 + n3 + .... + nic)(b +1)
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— <j){ ni(b +1) + n2(b +1) +__+ nk(b +1)}

= <K (nib + ml) + (n2b + n2l) +.... +(nkb + ml)}

= (nib + A)+ (n2b + A)+.... +(nkb + A)

= (nib + n2b +.... + nkb) + A 

= nb + A 

= n(b + A)

=n<j)(b +1)

So (|) is an N-homomorphism.

Kerij) = { x / <j>(x) = A}

= { a +1/ <j>(a +1) = A}

= A + L

As A < B and BnL = 0, AnL = 0.

/. Ker<|> = A©L

So B/A = (B © L)/ (A 0 L).

Hence we get B/A also satisfies acc on its ideals.
's

In particular, every uniform ideal of E satisfies acc on its ideals.

Since if I is uniform ideal of E and J,<= J2£...........an ascending chain of ideals of I. As I is

uniform, each J, <e I.

=> I/Jj satisfies acc on its ideals.

=> I satisfies acc on essential ideals.(by proposition 3.4.7)
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As each J, <e 1,3t such that Jt = Jt+1 => I satisfies acc on its ideals.

Now, let H be an ideal of E which is maximal with respect to the condition H DSoc(E) = 0. 

Then H © Soc(E) is essential in E and 0 goc^ satisfies acc on its ideals.

Hence for proving that E/Soc(E)satisfies acc on its ideals it is enough to prove that H 

satisfies acc on its ideals.

We first show that H has finite Goldie dimension.

Assume that H contains an infinite direct sum X = Xi©X2 ©........... of non-zero ideals Xj.

Since, Soc(Xj) = Xj D Soc(E), each Xj. contains a proper essential ideal Yj and

Y = Yi © Y2 ©.............is an essential ideal of X.

By the above ^/y satisfies acc on its ideals.

But this is impossible because

X/y = Xl/yi © XVy2®............. with each Xi/yi non zero*

This contradiction shows that H has finite Goldie dimension k (say). Then H contains k 

independent uniform ideals Uj such that U = Ui © U2 ©............© Uk is essential in H.

By the above U and H/U satisfies acc on ideals.

Hence H satisfies acc on ideals.

Proposition 3.4.11: if E is non-singular and Every singular homomorphic image of E is 

weakly Noetherian then E is almost weakly Noetherian.
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Proof: As M is essential ideal of E and E is non-singular, ^/y[ is singular.

Again is homomorphic image of E, by given condition is weakly Noetherian.

Proposition 3.4.12: E is non-singular and almost weakly Noetherian and in E every weakly 

essential N-subgroup is essential then every singular homomorphic image of E is weakly 

Noetherian.

Proof: Let f: E —> L be an N-epimorphism and L is singular.

Now E is non-singular and kerf cE, L = *Vkerf sin&u^ar’ 

so kerf SveE by proposition 3.1.7.

Then Soc(E) c kerf.

So by proposition 3.2.3 we get L = ^/soc^gy

As E is almost weakly Noetherian, L is weakly Noetherian.

Corollary 3.4.13: The following conditions on an N-group E of a dgnr near-ring N are 

equivalent:

i. E is almost weakly Noetherian.

ii. ^/jyj is weakly Noetherian for every essential ideal M of E..

iii. E has A.C.C. on essential ideals.

Moreover if E is non-singular, every weakly essential N-subgroup is essential 

then above conditions are equivalent to

iv. Every singular homomorphic image of E is weakly Noetherian.

Proposition 3.4.14: Near-ring N is weakly Noetherian if ©j6i E* of injective N-groups is 

injective.
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Proof: Let ©jei Ej of commutative N-groups is injective and that

Ii < h <............be an ascending chain of left ideals in N.

Let I = Uf=1Ij.

If a e I, then a e I, for all but finitely many I e N.

So there is an

f:I->®£i E(N/I0 

defined via Ilj f(a) = a + L (a e I).

By theorem 4.1.9, there is an x e ©fij E(N/1,) such that f(a) = ax for all a 6 I. Now 

choose n such that n„+k I(X)= 0, k = 0,1,............

So 1/ In+k — Lln+k (f(I)) — Lln+k (lx) = ILIn+k (x) = 0

or, equivalently, In = In+k for all k = 0,1,2,............

So, N is weakly Noetherian.

Definition 3.4.15: An N-subgroup U of N-group E is called pure in E if IU = U n IE for 

each ideal I of N.

Example 3.4.16: N = {0, a,b,e} is the Klein’s four group with multiplication

• 0 a b c

0 0 0 0 0

a 0 a b c

b 0 b 0 0

c 0 c b c
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Then (N, +,.) is a near-ring. Here A = {0, c} is N-subgroup of nN and B = {0, b} is ideal 

ofNN.

Now BA = {0} and A n BN = {0, c} n {0, b} = {0}. So BA = A n BN. So, A is pure in 

nN.

Proposition 3.4.17: If N is non-singular, SocN is pure and every injective right N-group is 

injective as an N/K-group for ideal K of N then direct sum of (countably many) injective 

hulls of simple weak singular left N-groups is injective implies N is an almost weakly 

Noetherian near-ring.

Proof: Let {S,} jei be a family of simple weak singular N/Soc(N)- groups.

Since a simple N-group is weak singular if and only if it is annihilated by Soc(N).

For let E is simple and weak singular. So ZW(E) = {x e E / lx = 0,1 <ei N}= E.

So x e E => 3 I <ei N such that lx = 0 => Soc(N) x = O.Thus E is annihilated by Soc(N). 

Again let E is annihilated by Soc(N), we get Soc(N) E = 0.

=> Soc(N) cr Ann(E).

Now we show Ann(E) = {xeN/xE = 0}is essential ideal in N.

If possible Ann(E) is not essential ideal in N.

Then Ann(E) n J = 0 for some non-zero ideal J of N.

IfVxeE f :J-»Jx, defined by ftj) = jx, it is a well defined N-homomorphism. 

f(ji) * f<j2> => (ji*) * fox) => (ji - j2)x * 0 => (j, - j2) * 0 => ji * j2. So f is well-defined.
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Next let ji *j2=>(ji -j2)*0=>Oi - j2)x * 0 => (jix) * G2X) => ffli) * fQ2).

So f is one-one.

Again for every jx e Jx, 3 j e J such that f(j) = jx. So f is onto. 

f(ji +h) = (ji + j2)x = (ji x + j2x) = f(jj) + f(j2),

f(nj) = (nj)x = n(jx) = nf(j). So f is N-isomorphism.

=> V x e E, J 2 Jx.

Again Z(N) = 0 => Z(J) = 0 => Z(Jx) = 0 

=>V I <ejN, I(Jx) *Q=> SocN.(Jx) * 0.

But Jx e E and SocN.E = 0 => SocN.(Jx) = 0, a contradiction.

So Ann(E) is essential ideal of N, so E is weak singular.

It follows that each nS; is weak singular as an N- group.

Since SocN is pure we get Soc(NN).E(NSi) n nSi = SocN.S,, V i e I.

As each NSi is annihilated by Soc(N),

SocN.Sj = 0. So Soc(nN).E(nS[) n nSi = 0. i.e. Vxe E(nSi ), Soc(nN).x n nS, =0 .

E(nS0 is an essential extension of nS„ and since Soc(nN).x is N-subgroup of E(nS,) we get 

Vxe E(nSi), Soc(nN).x = 0 .

Thus E(nS|) is annihilated by Soc(N), V i e I.

We claim that V i e I, E(nS0 is weak singular as N-group.
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For xe E^Si) with xgZw(E(NSi)) then V I <jeN, lx ^ 0 => ArniN(x) is not essential in N.

So ArniN(x) n J = 0 for some non-zero ideal J of N.

Since J = Jx and Z(N) = 0, we infer that Z(Jx) = 0, whence Jx n S, = 0 

[Let Jx n Sj * 0 .

Z(Jx n SO = 0 => V I <ieN, I(Jx n S.) * 0 => SocN(Jx n S.) * 0.

But (Jx n Sj) c= E(NSj) and SocN.E(nS0 = 0,a contradiction].

This implies that Jx = 0.

So J c AnnN(x), a contradiction.

Now E( n/soc(N) Sj) = { xeE(NSj): Soc(N)x = 0} = E(nS,) is injective as N-group.

By given condition ©iei Ej is injective as an N-group and hence injective as N/Soc(N)- 

group. This implies that N/Soc(N) is weakly Noetherian by proposition 3.4.14.

For a distributively generated near-ring we get the following definition, note and three 

results.

Definition 3.4.18 [Pliz]: The Jacobson-radical of N-group E is the intersection of maximal 

ideals of E which is maximal as N-subgroup. We denote it by J2(E)

Note 3.4.19 [Pliz]: The Jacobson-radical, J2(E) of N-group E contains all nilpotent N- 

subgroups of E.

Lemma 3.4.20: Let N be a GV- near-ring, then Z (E) n J2(E) = 0, for every N-group E.

Proof: If Z (E) = 0, we are done.

Otherwise let (0it)xeZ (E).

By Zorn's lemma, the set of all ideals M of E with x e M, has a maximal member L.

The quotient N-group S = (Nx + L)/L is simple and singular, therefore E-injective.
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[ Z((Nx + L)/L) = { x e(Nx + L)/L / lx = 0 for some essential N-subgroup I of N}

Lety e(Nx + L)/L such that y = nx +1 + L.

Now for some essential N-subgroup I in N,

Iy = {n'y / n; e 1}

= { GCiLi si)(nx + L) / n; = (ZlLj s,) e I}

= {si( nx + L) + S2( nx + L) +............+ Sk( nx + L) / n; e I}

= { sinx + L + S2nx + L +............+ Sknx + L / n; e I}

= {(sinx + S2nx +............+ Sknx) + L / n; e I } [sinces;nxeLasSjncN]

~ {L}= 0.

So y e Z(( Nx + L)/L)]

This means that the natural map of Nx onto S extends to all of E.

The kernel of this extension map is a maximal ideal of E which does not contain x. Whence 

x can not be in J2E).

So Z (E) n 12(E) = 0

Theorem 3.4.21: If N is a GV near-ring with A.C.C. on essential ideals and if finite 

intersection of essential N-subgroups of N is distributively generated, then Z( N) = 0. In 

particular, if N is S 31 near-ring with unity then it is non-singular.

Proof: LetxeZ(N).

Then ArniN(x) c AnnN(x2) e............ is an ascending chain of essential left ideals in N,

since Ann>j(x) <eN.

So for some tel4-, AnnN(xt+I) <eN by proposition 1.3.3.

We claim xl = 0.

Suppose x' * 0.
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Then we get AmiN(xt+1) n Nx* ^ 0.

As N has A.C.C. on essential left ideals 3 t € I+ such that Ann^x1) = AmiN(xt+1), whence 

we get AnnN(xt+k) = Ann^x*) for all ke I+.

Let y = n x‘ 0) e AnnN(xt+1) n Nx1 for n e N.

Now y e Ann^x1) => y x* =0 

=> n x2t = 0

=>ne AnriN(x2t) = Ann^x1)

=> y = n x* = 0, a contradiction.

i.e. y e AmiN(xt+1) => y £ Ann^x1) => Ann^x1) * AmiN(xt+1), a contradiction.

Thus Z(N) contains nilpotent elements.

As finite intersection of essential N-subgroups of N is distributively generated, Z(N) is N- 

subgroup of N. [ by proposition 2.1.14]

So J2(N) contains Z(N).

By lemma 3.4.20, Z(N)=0.

For S I near-ring N, N/Soc(N) is weakly Noetherian by proposition 3.4.5. Again from 

proposition 3.4.9, (considering N as N-group) it follows that N has acc on essential ideals 

when we get N is non singular.

Theorem 3.4.22: If fNe) . n is an independent family of normal N-subgroups of
eCSoc(N)

N/Soc(N)-group E, direct sum of E-injective N/Soc(N)-groups is commutative N-group, 

then N/j is weakly Noetherian Vc N-group for every essential ideal I of N implies

is weakly Noetherian Vc near-ring.

Proof: N/j is weakly Noetherian for every essential ideal I of N implies ^/g0C(N) is 

weakly Noetherian as proposition 3.4.8.
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Let L be a strictly semi-simple N/Soc(N)-group.

Then as N dgnr, L is a semi-simple N/Soc(N)-group.

V Soc(N) an ideal of N/Soc(N) and f: V Soc(N) —» L a non-zero N-homomorphism.

Let Kerf = K/ Soc(N).

Now K is essential in N. For if K fl J = 0 for some non-zero ideal J of N then J = — and
K

since the latter is isomorphic to a ideal of L, it follows that for some ideal Ii ^ 0 and 

contained in J that Ii E L, hence L E Soc(N) E K, a contradiction.

Thus N/K is a weakly Noetherian VcN-group.

If N -> N/ Soc(N) is canonical quotient map, then (N/ Soc(N))/( K/ Soc(N)) is a weakly

N NNoetherian VcN-group. Proposition 3.4.2, yields a map of ——- into L. So, L is ——- - 

injective.

Thus by corollary 3.4.4, ^/g0C(N) weakly Noetherian Vc near-ring.

If every injective right N/K-group is injective as an N-group we get the following result. 

Theorem 3.4.23: For a near-ring N with unity the following conditions are equivalent:

i. N is S2SWI -near-ring.

ii. ^/soc(N) *s weakly Noetherian Vc near-ring.

Proof: i. =>ii. By corollary 3.4.4, we have to show that every strictly semi-simple 

N/Soc(N)-group E is injective .

If E is N/Soc(N)-group then SocN.E = 0.

Now Ann(E) = { x e N / xE = 0} is essential in N.

Again as Soc(N).E = 0, Soc(N) c Ann(E). Thus Soc(N) = Ann(E), that is E is annihilated 

by Soc(N). Again Zw(E) = {x e E / lx = 0,1 <e, N} and we get E is weak singular.
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For if not for some xeE, V I <ei N , lx * 0, that is SoeN.x * 0,a contradiction.

By( i.) E is injective as an N-group and hence injective as an N/Soc(N)-group. 

ii.=>i. Let L be a semi-simple weak singular N-group.

Then L can be regarded as N/ Soc(N)-group and hence injective as N/ Soc(N)-group by (ii). 

So L is injective as N-group.

For near-ring N with identity and Munital N-group if for every right ideal U of N and 

every N-homomorphism f: U —>M, there exists an element m in M such that f(a) = ma for 

all a in U implies Mis injective then we get the following results.

Proposition 3.4.24: ©lsi E; of injective N-groups is injective if near-ring N is weakly 

Noetherian.

Proof: Let N be weakly Noetherian, I be an ideal of N and f: I —> © a Ea.

Then since I is finitely generated, Imf is contained in ®FEa for some finite subset Fc A.

So ®fE„ is injective since finite direct sum is injective by theorem 3.3.7.

By theorem 4.1.9, as ©FEa is injective then for every right ideal U of N and every N- 

homomorphism f: U —» ©fE<x, there exists an element m in ©FEa such that f(a) = ma for 

all a e U. But m e © A Ea also. So for every right ideal U of N and every N-homomorphism 

f: U —»© a Ea, there exists an element m in © A Ea such that f(a) = ma for all a in U.

Then © A Ea is injective.

Proposition 3.4.25: For any near-ring N the following conditions are equivalent:

i. N is an almost weakly Noetherian near-ring.

ii. N/I is weakly Noetherian for every essential left ideal I of N.
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iii. N has A.C.C. on essential left ideals.

Moreover if Z (nN) = 0 , N dgnr and every injective right N/K-group is injective as an N- 

group for ideal K of N we get

iv. Direct sum of (countably many) weak singular injective left N-groups is 

injective.

Again if Z (nN) = 0 and every injective right N-group is injective as an N/K-group for 

ideal K of N where SocN is pure we get

v. Direct sum of (Countably many) injective hulls of simple weak singular left N- 

groups is injective.

Proof: Equivalence between (i), (ii), (iii) is clear from above corollary 3.4.13, considering 

N as N-group.

(i) => (iv). Let {Ei}i6i be a family of weak singular left N-groups. Since Zw(Ej) = (xeEj / 

lx = 0 for I <ejN} = Ej ,we get SocN.Ej = 0. So each Ej can be regarded as an N/Soc(N)- 

groups. Since N/Soc(N) is weakly Noetherian, ©jeiEj is injective as an N/Soc(N)-group by 

proposition 3.4.24, hence ©j6i Ej is injective as an N-group.

(iv) =>(v). clear.

(v) =>(i). Proposition 3.4.17

If every injective right N/K-group is injective as an N-group we get the following results:

Theorem 3.4.26: For a dgnr near-ring N, then the following conditions are equivalent:

i. N is S2SWI -near-ring.

ii. *Vsoc(N) *s weakly Noetherian Vc near-ring.

iii. N is GV-near-ring and direct sum of weak singular injective N-groups is 

injective.
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iv. N is GV-near-ring and N has A.C.C. on essential left ideals.

Proof: i.<=>ii. From theorem 3.4.23

ii. =>iii. From equivalence between (i) and (ii) clearly N is a GV-near-ring.

N/ Soc(N) is weakly Noetherian.

Let {Ej} iei be a family of weak singular left N- groups. Clearly each E, can be regarded 

as an N/Soc(N)-groups.

Since N/Soc(N) is weakly Noetherian, so by proposition 3.4.24, ©,6iEj is injective as an 

N/Soc(N)- group. So ©lsiEj is injective as an N-group.

iii. =>i, is obvious.

Theorem 3.4.27: For a dgnr GV near-ring N direct sum of weak singular injective N- 

groups is injective implies N has A.C.C. on essential left ideals.

Proof: Since (iii) is equivalent to (ii) in theorem 3.4.26, we can conclude that N has A.C.C. 

on essential ideals.

Theorem 3.4.28: For a dgnr GV near-ring N if every injective right N/K-group is injective 

as an N-group for ideal K of N and N has A.C.C. on essential left ideals then direct sum of 

weak singular injective N-groups is injective.

Proof: From theorem 3.4.21, Z(N) = 0.

From proposition 3.4.25 direct sum of weak singular injective N-groups is injective.


